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THE CALCULATION OF MOMENTS OF A FREQUENCY-DISTRIBUTION.
By W. F. SHEPPARD.
[Note. This paper deals mainly with simplification of method. The results obtained in ?? 8 and 11 are new.] 1. Let the range of observed values of x, the measure whose frequency is under consideration, be from xr -ih to x,3 + ih, this range being divided into n equal segments h, the values of x at whose nmiddle points are x1, x, .. x, ... x; and let the areas standing on these segments be A1, A2, ... Ar, ... A", the sum of these areas, which is the total frequency-area, being 1. Then, if -.. The expression which has here to be subtracted from 4 (x,n + ih) is the area, from x = x, -1h to x = x, + Ih, of a curve whose ordinate at any point is 1+'(x). The ordinates at successive distances h, commencing and ending with the extreme ordinates, are 0 where A is the area of a curve whose ordinates at successive distances h, commencing and ending with the extreme ordinates, are 0, A1 (x1 + Ih)P-1, (A1 + A2) (x2 + I h)P1, ... (A1 + A2 + **. + An-1) (xn-l + i h)P-1, (xn + Ih)r-1. This area can be calculated by a quadrature-formula.
3. There is an alternative method, known as " correction of raw moments," which is applicable only to a " quasi-normal " curve, i.e., to a curve which at the extremities of the range is so close to the base z = 0 that the ordinates from f(XI-A) to f(x1) and from f (x) to f (x + A) may be regarded as negligible. This method will be considered in the following paragraphs; exact and approximate formnutlae being distinguished by the use of the symbols = and :. Now the expression on the rig,ht-hand side of (11) is an approximate expression for the area from x = xh to x = xn + ih of a continuious curve whose ordinates at X = X1, X = X2, ...x = xn are Alx1P/h, A2x2P/h, ... Acx,Plh, the ordinate at x = x being Ar,xr/h = xY. h J f(xr + ) dO.
The condition of continuiity obviously requires that this should be the expression for the ordinate, whatever the value of r may be. 5. In building up the value of Rp as given by (12), any particular value of f (x)/h is multiplied by th-e valuie of xP corresponding to the central ordinate of every strip of breadth h in which f (x) is included; i.e. it is multiplied by the pth power of the distance of f(x) from every ordinate in the strip of breadth h whose cetntral ordinate is the axis of z. Hence, subject to certain corrections in respect of the strips at the two ends,
f(x + )P d9 . dx.
To obtain this result by more exact methods, suppose that the range of values of x is extended by at least ih in each direction, and that a solid is generated by moving the frequency-area at right angles to itself through a distance ih on each side. The section of this solid by a plane through the ordinate f(x), at right angles to the central section, is a rectangle of height f(x) and base h; and the volume of the strip comprised between two such planes, through ordinates f(x) and f(x + dx) of the central section, is hf (x) dx. If, however, we turn these planes round, so as to be inclined at an angle of 450 to the central section, the volume comprised between them will be f(x +9) dO. (12), we see that each of the expressions hSp and hRp represents the sum of all the values of 4PdV, where dV is an element of a certain portion of the solid, and t is its distance, measured parallel to the axis of x, from a plane through the axis of z inclined at an angle of 450 to the frequency-area, and that in each case the portion of the solid for which the summation is made is bounded by parallel planes through the ordinates f(x1 -ih) and f (x. + Ah) of the central section; but that in the case of hSp these planes are at right angles to the central section, while in the case of hRp they are inclined at an angle of 450 6. Now expand (x + 0)P in powers of 9, substitute in (17), and integrate. Then, substituting v1, v2, v3, ... for their values as given by (3),
the series continuing till we reach v1 or v0; and therefore, by (19),
32.3.4.
5(2) Writing p = 1, 2, 3, . .. successively in (21), and remembering that po = v" = 1, we get a series of equations for determining v1, V2, V3, ... in terms of PI, P2, P3, ...; and it will be found that these equations give The first of these results is of special importance, as showing that in the case of a quasi-normal curve the mean as given by the raw first momaent is approximately the correct mean.
7. If we want the moments about the mean it is usually simplest to calculate them about some convenient axis and then transform to the mean. If N,, N, 8. In applying these results to the calculation of probable errors we must make allowance for the error introduced by the grouping of measurements into classes. Suppose, for instance, that there are n individuals, and that each value of x is measured to the nearest inch, so that h = 1 inch. If we knew the exact values of x, we could calculate the mean $l'=-/n of these values, and take this to be equal to v,. There would then be an error vl'-v,, and the mean square of error would be ,u2/n = (v2-v,2)/n. Since, however, the measuirements are only taken to the nearest multiple of h, the value of x as tabulated for each individual differs from the true value of x for this individual by an error 9, which may have any value between -ih and + ih; and the mean as calculated will not be vl' but vI' + 0/n. The mean square of error of the mean as calculated will therefore be (V2 -V12)/n + Ah2/n -(p,-p12)/n,; and the probable error will therefore be, not 674491V12/n, but 674491w72/n, where 7r2 is the mean square of deviation from the mean for the spurious curve. This indeed is obvious from the fact that we are deducing the mean from the raw first moment pl', so that the probable error is the probable error of pi, which is 67449./7r2/n.
Similarly if we take p2 to be equal to 72r' -Eh2, where 7r2' is the value of 72 as calculated from the actual measurements, the error in /2, due to the limitation of number of observations, is equal to the error in 7r2; and the mean square of this latter error is ('7r4 -7r22)/n. Hence the probable error in the standard deviation will be, not .67449vb14p n, buit 67449V 4JZ2/n.
It may be observed that, if we only want the mean and the standard deviation and their respective probable errors, we can conveniently calculate (7r4 -7r22) from the formula (obtained from (24) 9. The formulae (22), giving the corrected moments in terms of the raw moments, have been obtained indirectly, by first expressing the raw moments in terms of the corrected moments. It would be desirable to obtain them directly.
The argument of ? 5 is quite general, and we might replace xP in (18) It is clear from (28) that +o (x) = 1 and +1 (x) = x. Also, if we write 4p (x) = xP + %p (x), we find from (28) 11. The cases in which we require the value of a quantity which can be expressed in the form f (x) f (x) dx, where 4 (x) is not of the form xP, are usually cases in which 4 (x) is not given explicitly in terms of x, but its values are tabulated for a series of values of x. If, for instance, we wished to find the rate of mortality of a certain section of the population, whose age-distribution was given, we should take + (x) to denote the rate of mortality at age x, and the above integral would then give the rate of mortality of a population the proportion of which between ages x and x + dx wasf (x) dx.
The formulae of ? 10 apply to such cases, if the age-distribution is quasinormal, provided that ih is so small that, for every value of xr from x. to x",
